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Research in the development of an improved Kirchhoff method is described. The Kirchhoff method is a means
of evaluating radiated sound from flow acoustic quantities on a computational surface. The linear, homogeneous
wave equation is assumed to be valid in the propagation region, outside this surface (the Kirchhoff surface). The
surface quantities are generally obtained from a computational fluid dynamics (CFD) calculation of the acoustic
near field. We outline the development of a Kirchhoff method for use when the linear, homogeneous wave equation
is not valid in a portion of the region outside of the Kirchhoff surface. The new method is derived through the use
of a permeable-surface formulation of the Ffowcs Williams-Hawkings equation. This modified integral equation
allows the Kirchhoff methodology to be employed in problems with large, noncompact source regions that extend
beyond the limits of the CFD calculation. Test calculations are presented in an attempt to validate the method for
use in jet aeroacoustics studies. However, the method is presented in a manner to make it easily applicable in cases

where Kirchhoff methods have been used in the past.

Nomenclature

a = sound speed
8ij = metric tensor components

H(f) =Heaviside function

Ly, Ry = Kirchhoff surface dimensions
M = surface Mach number

i = unit surface normal vector

D, p = fluid pressure and density

rr = radiation and unit radiation vectors
S,dS = Kirchhoff surface area

T;; = Lighthill stress tensor

u' = Kirchhoff surface local coordinates
u; = fluid velocity

v; = Kirchhoff surface velocity
(xi,t) = observer coordinates and time
(yi,T) = source coordinates and time
8(f) = Dirac delta function

0 = emission angle

K = complex wave number

A = acoustic wavelength

Oij = viscous stress tensor

) = wave variable, (a2p")

w = angular frequency

O = D’ Alembertian wave operator
Subscripts

n = surface normal direction

r = radiation direction

o = ambient conditions

Superscript

/ = disturbance quantity
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1. Introduction

HE use of Kirchhoff’s integral equation' as a tool for numeri-

cal acoustic prediction has increased recently.? The Kirchhoff
method is a means of extending near-field acoustic data, through the
numerical evaluation of surface integrals, to the acoustic far field.
The near-field acoustic data are usually obtained through the use of a
computational fluid dynamics (CFD) code. This method is attractive
because it utilizes surface integrals over a source region to determine
far-field acoustics. Acoustic analogy methods require the evaluation
of volume integrals, and so there is a large savings in required com-
putational resources. Additionally, the Kirchhoff method does not
suffer the dissipation and dispersion errors found when the midfield
and far-field sounds are directly calculated with an algorithm similar
to those used in CFD studies.

There are difficulties with using the Kirchhoff and related meth-
ods for some aeroacoustic problems. For an accurate prediction, the
Kirchhoff control surface must completely enclose the aerodynamic
source region. This may be difficult or impossible to accomplish if
the source region is large. The validity of this method is also de-
pendent on the Kirchhoff surface being placed in a region where
the linear wave equation is valid. Difficulties meeting these criteria
frequently arise in jet acoustics and similar studies.

This paper outlines the development of improvements to the
Kirchhoff method for use in aeroacoustic calculations. The improve-
ments arise from an analysis of a permeable-surface form of the
Ffowcs Williams-Hawkings equation.® The formulation of these
improvements was outlined by Pilon and Lyrintzis.*3 The results
are based on the developments of Farassat and Myers.® Recently, Di
Francescantonio’ and Brentner and Farassat® presented permeable-
surface extensions of the Ffowcs Williams—Hawkings equation for
nondeforming, moving surfaces and showed the similarities to the
Kirchhoff integral equation. The improvements presented here are
similar in nature to those presented by these authors but are intended
for use with existing Kirchhoff methods. Some validation calcula-
tions, which are suitable for jet noise studies, are presented as well.

II. Modified Kirchhoff Formulation

Crighton et al.,” following the development of Lighthill’s equa-
tion'” using generalized function theory,!!-!? presented a form of
the Ffowcs Williams—Hawkings equation® for an arbitrarily moving,
permeable, deformable surface. The surface may be a real, solid sur-
face, possibly with blowing or suction, or a permeable computational
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control surface. The mathematics are identical. This formulation
may be written

2
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The surface is defined by f(x, t) = 0 such that f > 0 in the fluid
outside the surface and f <O inside the surface. Then the unit
outward normal to the surface can be defined as i = V f. Also,
¢ = a(p— ), p' = P — Po» Un = Uifl;, vy = V;f;, and Lighthill’s
stress tensor is

T;j = pujuj — oj; + [(P — Po) — a,%/”]&‘j

The first three terms on the right-hand side of Eq. (1) compose
the original Ffowcs Williams-Hawkings equation,® whereas the last
two terms are the contributions to the radiated sound caused by the
permeability of the surface. Note that in the linear acoustic radiation
field p’ = p — p, = ¢, so that the left-hand side of Eq. (1) can
be written 0% p’ if desired. This equation can be evaluated to form
an integral equation for numerical prediction of aerodynamically
generated noise.®

At this point it is desirable to rewrite Eq. (1) in a different form.
The new form will produce an integral formulation equivalent to the
Kirchhoff integral equation, provided the surface remains permeable
and the disturbance density ¢ is used as the dependent variable.

To derive an equivalent expression, first note that
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Equation (1) can then be recast as
2

O’ [¢H ()] = 0
0x;0

0 .
5 [T;;H()] - E[Tij”ia(f)]
/ 2, 3
- —[a",o A8 ()] — 3P o8N+ E[puivn‘s(f)]

d
+ —[pus8(f)] (@)
at
Using the chain rule allows the last two terms to be written as
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The combination of Eq. (2) with Egs. (3) and (4) leads to
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where M,, = v,/a,. The subscript x on the time derivative denotes
derivation with respect to time, holding the observer coordinates
fixed. This equation was used by the authors to derive a surface
integral equation that they referred to as the modified Kirchhoff
integral.*> However, further simplification, which was not pre-
sented in those papers, is possible. This simplification becomes
evident if we note that

9? ¢ le Tij .
(T H(D] = — H(f)+ [T,,n 8(f)]+ L8 (f)
C xi()x,- ,E)xj (6)
Thus, Eq. (5) becomes
a a
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——[¢n5(f)]+ Ty -H(f) o)
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[It is possible to derive Eq. (7) directly from the continuity and
momentum equations. However, the authors feel that showing the
steps actually performed in the development of the current formula-
tion will help show the relationship between the Ffowcs Williams—
Hawkings and Kirchhoff formulations.] This equation can now be
evaluated to produce a Kirchhoff integral formulation. The deriva-
tion here follows that of Farassat and Myers.® The free-space
Green’s function [G = &(g)/4nr; g = t — t + r/a,] is used to
solve Eq. (7):
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The divergence operator can be converted to a temporal derivative
in the source time [see Eq. (15) in Ref. 6]. This leads to

o [1fap 1 ag
dap(x,t) = —/;(5-’;+a——0M 57 )3(f)3(g)dydt
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where cos@ = i - . The temporal derivative in observer time of
the third integral leaves this equation unattractive for use in numer-
ical applications. Thus, it is desirable to transform this derivative to
source time and to bring it inside the integral. First let the Kirch-
hoff surface S be described by surface coordinates (u!, u?), and
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let u® = f. Because of the volume integral in Eq. (9), the map-
ping (u', u?, u®) — y must exist in the region of nonzero Tj;. Let
the mapping be a differential function of source time . To evalu-
ate the integrals, we first transform y to (u!, u?, u®), and then 7 is
transformed to g. The Jacobians of the transformations are 1 and
1/(1—M,), where M, = v;7;/a,,and v; = dy;/dt with (u', u?, u?)
fixed. Integration over u and g gives

4 p(x,t)
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The determinant of the coefficients of the first fundamental form on
the surface S'is gp) = 11822 — gfz, where g;; are the metric tensor
components for (i, j = 1, 2); see Ref. 13 for details. The term gy is
a function of u and the source time t. The surface integrals are over
D(S), the domain of S in the space defined by (', u?). Subscript
7* indicates evaluation of the integrands at the emission time t*,
which is the root of

lx —y@', w0, 1)

g=t—1+ 0 an

a,

If the frame velocity is subsonic at the surface and in the region on
nonzero T;;, then Eq. (11) has a unique solution. However, Eq. (10)is
still valid for supersonically moving surfaces. Farassat and Myers'4
have developed a means of dealing with the singularities caused
when (1 — M,) — 0. Farassat and Myers(’ evaluated the time deriva-
tive in the third integral of Eq. (10) analytically to cast the integral
in a form that is useful in numerical applications. Their notation is
used here for the moving-surface version of the modified Kirchhoff
formula:
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Here M, is the Mach number vector tangent to the surface, and V,
is the surface gradient operator. Also [a dot indicates a source time
derivative, with (u!, u?, u®) kept fixed]

MI' = Miriv I’.l,- = ’:liri» Mn = M;n;

6 =[1//8219/8@2) /3T

The convective derivative ¢ is defined by
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The form of Eq. (12) and E, and E, were given by Farassat and
Myers.® The term E, was presented in the simplified form shown
here by Myers and Hausmann.'® However, these authors were con-
cerned with solutions to the linear, homogeneous wave equation.
Here the dependent variable is restricted to ¢ =a2p’. Because
the governing equation, Eq. (1), was shown to be equivalent to a
permeable-surface form of the Ffowcs Williams—Hawkings equa-
tion, this restriction accounts for nonlinearities at the Kirchhoff sur-
face. Nonlinear sound generation outside of the Kirchhoff surface is
included in the volume integral of quadrupoles in Eq. (12). Through
the use of Fourier transforms, Eq. (12) can also be expressed in the
frequency domain. This formulation and some of the development
shown earlier were presented by Pilon. !¢

At this point, some mention should be made regarding the
similarities between Eq. (12) and other solutions to the Ffowcs
Williams—Hawkings equation.? Di Francescantonio’ has presented
a permeable-surface formulation of the Ffowcs Williams—Hawkings
equation that he refers to as the Kirchhoff-FWH equation. Brentner
and Farassat® have also derived a permeable-surface formulation.
They showed that, for a surface placed in a linear region, the
permeable-surface, inviscid Ffowcs Williams—Hawkings formula-
tion is equivalent to the linear Kirchhoff formulation plus a volume
integral of quadrupoles (pu;u ;). The difference between these au-
thors” formulations and that presented here is that the Kirchhoff
surface need not be placed in an entirely linear region. The nonlin-
earities are accounted for in the use of ¢ = a(% p’ as the dependent
variable and the volume integral of quadrupoles T;;. We also note
that, when the Kirchhoff surface is placed in a linear region, so that
aﬁ (p — po) = p — po, the modified Kirchhoff formulation is equiv-
alent to the traditional Kirchhoff formulation to second order in the
velocity perturbations.

ny =n;M;,

III. Volume Integral

Exact Solution

This section deals with exact and approximate solutions to the
volume integral in Eq. (12). As presented in Eq. (12), the volume
integral is the equivalent to that presented by Lighthill in his origi-
nal work.!” However, it is possible to cast this integral in a different
form. The new form makes it possible to obtain more accurate pre-
dictions from approximations to 7;;. In Eq. (9), the volume integral
contribution to the overall solution is

drp,(x, 1) = [ ﬁa(g) dyde (13)
r

E)x,- 8Xj

Farassat and Brentner!’ showed that the double divergence can be
expressed in terms of time derivatives:

P2 87 1 2[R
dxiox;l r | a?or? r

1 3 [ @GR —8)8(g) (BFiF; — 8;))8(8)
—— +
a, at r? 3

(14)
;

Using the relation 3/d¢|, = [(1 — M,)~'3/d7|,].» allows Eq. (13)
to be cast in terms of temporal derivatives at the source time:

Amp (x, 1)

_L/( 1 i{ 1 a[ T, ) g
T a2 1-=M)ar | (1 -M,)ar r(l—Mr)]} o g
a, (I_Mr) ot rz(l_M')]}t* Y

+f 3Trr'—'Ti‘ d 15
Pa-My . ? (13
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where T,, = F;T;;7;. After derivation and some algebra, Eq. (15)
can be expressed as

4mpl(x,t) = /

[ B, B,
>0

2r(A— M) | e =M,y

B
+mr3(1—M,)], dv (16)
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The contribution from B; in Eq. (16) is the often-used far-field
approximate solution to Lighthill’s equation. The terms B; and B3
are important only in the near field and midfield. Their contribution
is significant because it allows for acoustic predictions in a region
where CFD data are available. A comparison can then be used to
validate the surface integral methodology. Brentner'® has presented
a similar volume integral solution based on temporal derivatives for
use in rotorcraft acoustics studies.

Source Approximation

Currently, CFD calculations cannot accurately predict the entire
source region in some complex flows. See, for example, the super-
sonic jet calculations of Mankbadi et al.'” This is due to the large
amount of grid points needed to properly resolve acoustic scales.
Memory and computational time restrictions make it impractical to
use a grid that will resolve acoustic scales over the entire source
region. Because of this, it may be necessary to approximate acous-
tic sources in the region outside of the Kirchhoff surface. For the
jet noise studied here, the region of interest is downstream of the
Kirchhoff surface. This is depicted in Fig. 1. One means of approx-
imating 7;; downstream of the Kirchhoff surface and solving the
resulting volume integrals is presented here. The approximation is
basec})on calculations presented by Mitchell et al.?’ and Mankbadi
etal.!*

Through Fourier transformation, T;; can be expressed as

1 *® . .
Tii(y, t) = T /_oo T;;(y, w)e " dw

Jet Kirchhoff
Plume A\

Surface

Fig.1 JetflowandKirch-
hoff surface.

_4 al L L L L L 1 1 A 1 1 1
5 10 15 20 25 30 35 40 45 50 55 60 65 70

x/Rj

Fig.2 Centerline axial variations of T11 at Sr = 0.20.

4 T T T T T T T T T T T T
R(T,)

o S 3(T,) ;

2F 1

4 il L ! 1 ! 1 ! 1 ! il

5 10 15 20 25 30 35 40 45 50 55 60 65 70
x/R

J

Fig.3 Centerline axial variations of 71 at Sr = 0.40.

For simplicity, the surface is assumed to be nondeforming and sta-
tionary. The emission time t* is then uniquely defined, and the effect
of the temporal derivatives is simplified considerably. For example,

f>003r(1—Mr)3 T oom -0 £>0 "(I—M)q

If enough of the sound production region is contained within the
surface, it may be possible to assume that, under simplified condi-
tions, flow disturbances downstream of the Kirchhoff surface have
an ordered structure.

This ordered structure can be observed in numerical data made
available to the authors. Researchers at NASA Lewis Research
Center using the axisymmetric large-scale simulation CFD code
of Mankbadi et al.!2! based on the 2-4 MacCormack method of
Gottlieb and Turkel,? simulated an excited, Mach 2.1, cold (jet total
temperature = ambient temperature = 294 K), round jet of Reynolds
number Re = 7 x 10*. The jet exit variables were perturbed at a
single axisymmetric mode at a Strouhal number of Sr = 0.20. The
amplitude of the perturbation was 2% of the mean [see Eq. (22) in
Ref. 19]. The flow data were converted to the frequency domain at
all spatial points using a fast Fourier transform algorithm. » Fig-
ures 2 and 3 show the axial variation of 2)\(T,1) and N\(T 11) on the
jet centerline from 5 to 70 jet radii (the extent of the available data)
for the first and second Fourier wave modes, which correspond to
Sr = 0.20 and 0.40 (N and J denote the real and imaginary parts,
respectively). All variables are normalized by jet nozzle conditions.
Higher-order wave modes show similar results. It is evident that
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the disturbance amplitude is quite large at the end of the computa-
tional domain. Thus, a prediction of the disturbances in the region
downstream of the computational domain should be employed.
Mitchell et al.° give an approximation to the flow disturbances in
the region far downstream of the nozzle in a supersonic, axisymmet-
ric round jet flowfield. This flowfield is similar to the one described
earlier, and so their disturbance approximations can also be applied
here. The Lighthill stress tensor components are approximated as

T3 (xy, 7ys @) = T (ry; )&= an

where f", j, i8 f, ; evaluated at the Kirchhoff surface, «;; is a complex
wave number with positive imaginary part, and (x,, r,) are cylindri-
cal source coordinates with origin at (x, r) = (Lg, 0). The term «
is assumed to be constant with x, the axial dimension, which cor-
responds to the surface normal, for the downstream portion of the
Kirchhoff surface. Consistent with the preceding approximation of
T;;, the wave number can be defined as

iaf,l /ox
Ty s
The positive imaginary part of x assumes that the disturbance am-
plitudes are decaying with x downstream of x,, whichis taken as L;.
The assumption of constant « is reasonable for lower frequencies
but breaks down with increasing .

If f’, ; is nonzero in a relatively small region outside of the
Kirchhoff surface, as was assumed earlier, it is possible to assume
a compact source outside of the surface and to approximate the
resultant volume integral as [see Eq. (28) in Ref. 19]

N ) Y s
p, = —— cos“ () Ty + sin“ (D) cos T,
b=~ fL fo ﬁ [cos?(9)Tr + sin®(®) cos’(@) Ty

+5in(20) cos(p) Ty, | expliw[€ — (x, — Ly) cos(d)
— 1, sin(?) cos(p)l/a,}rs dp dr, dx (18)

where Ty, T, and T,, are the stress tensor components converted
to cylindrical polar coordinates, ¥ and £ are the emission angle
and radiation distance relative to (x,, r;) = (L, 0), and ¢ is the
azimuthal angle. Using Eq. (17) in Eq. (18) allows the solution to
be written only in terms of surface quantities:

wz L, Ry 27 [ ) N
Av =TT 5 COS (l})TxIs
P 4nga? /l:k A A *

+ sin?(9) cos? (9) I, s + sin(20) cos(9) T, 1]
x exp(i{x(x;, — L) + w[§ — (x; — L) cos(?)
— ry sin(¥) cos(g)1/a,})rs dp dry dx (19)

IV. Test Calculations

To determine the validity of the modified Kirchhoff method, it is
necessary to compare known solutions to the governing equations
with the results obtained with the Kirchhoff integral. The calcu-
lations shown here apply mainly to jet noise predictions, but the
preceding derivations remain applicable for general aeroacoustics
problems.

A source distribution that resembles that encountered in jet noise
predictions can be defined by

Ti; = (puwe + puv, + PV, v, )max €Xpli € [y1 — yol — R/A]  (20)

where f, ; is the Fourier transform of T;; and (y;, R) and (u, v,) are
the near-field source cylindrical coordinates and velocities. Figure 4
shows the relative amplitudes of the components of T;; on the cen-
terline (R = 0). Here, x = (5.47 4+ i 2.28)/A. The radiated sound
due to this source distribution can be determined through a numer-
ical evaluation of Lighthill’s equation. The volume integration is
not a burden so long as only one frequency, w,, is considered. The
dimensions of the volume integration with respect to the cylindri-
cal Kirchhoff surface are shown in Fig. 5. The angular frequency

4.0
35k
3.0F
25}
20}
L5 F
1.0
05

0.0
-0.5
-1.0 3
15 F E
2.0 I S T T T

0 1 2 3 4 5 6 7 8 9
x/\

Fig. 4 Centerline amplitude of Tij calculated with Eq. (20).

Volume Integral Region
/— Kirchhoff Integral
2Ry *
ST T T So Rk
!’ =~ ~
\ Source Distribution ' ;

€

12 e 1, ———re1,2—

Fig. 5 Surface and volume integral dimensions.

of the source distribution and radiated sound, w,, is chosen to cor-
respond to the forcing frequency of a jet simulated previously by
the authors.* The terms y, and & are set to 4.95 A and 0.077 A, re-
spectively. The source distribution and observer are assumed to be
stationary, so that M = 0.

The source distribution described earlier was used to validate the
various Kirchhoff integral formulations. If the entire source region
is enclosed within the Kirchhoff surface, then Eq. (12), without the
volume integral, should be able to completely predict the sound ra-
diated to the far field. If the surface is placed in a linear region, then
the acoustic variable ¢ can be set to p’ as well. Otherwise, ¢ should
be set to a?p’ and the volume integral approximated as necessary.
The Kirchhoff surface was a cylinder of radius R, = 1.53 A. The
surface length was varied from L, = 9.95X to 5.51 A. When the
shorter surface was used, a significant amount of the source distri-
bution remained outside of the surface. The Kirchhoff surfaces were
discretized with 40 and 90 uniformly spaced points in the radial and
azimuthal directions. The longer and shorter surfaces had 130 and
72 equally spaced points, respectively, in the axial direction. These
values were chosen so that the order of accuracy in the numerical
quadrature had little effect on the calculated signals. Midpanel first-
order quadrature®* was used to evaluate the integrals numerically.
Higher-order quadrature schemes with “enrichment”?® have been
programmed, but the numerical scheme used was determined to be
sufficient to validate the developments here.

Figure 6 shows predicted and exact acoustic signals at (x;, R) =
(15.31%,15.31 ). The signals are normalized by the maximum
disturbance amplitude (of the exact signal) at the observation point.
Figure 7 shows predicted and exact acoustic signals at (x;, R) =
(10.41 A, 1.38 1). Both Figs. 6 and 7 show the signals produced with
several levels of approximation. It is apparent that the long Kirchhoff
surface can determine the radiated sound with very little error. Open
surfaces (those with the downstream end omitted), however, cannot
adequately predict radiated noise when the observation point is lo-
cated downstream of the surface. The shorter surface also accurately
determines the sound, as long as the exact volume integral is used
outside of the Kirchhoff surface. However, the shorter surface alone,
witha? o’ or p’ as the acoustic variable, cannot adequately determine
the radiated sound. This is due to the omission of sources outside of
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1.2 pr—r— e T T T T T ]
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Fig. 6 Predicted and exact acoustic signals at (x1,R) = (15.31),
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Fig. 7 Predicted and exact acoustic signals at (x;,R) = (10.41),
1.38)0).

the surface. In this case, the use of the approximate volume integral,
Eg. (19), does not significantly improve the accuracy of the acoustic
prediction. It is also not apparent whether the use of a2 o’ instead of
p’ as an acoustic variable represents an improvement. This is most
likely due to the nature of the particular source distribution used. A
more realistic source distribution would be more broadband, with
the separate components of 7;; out of phase.

V. Jet Noise Calculations

The CFD calculations discussed in Sec. III were used to predict ¢,
T;;, and the necessary derivatives on similar Kirchhoff surfaces. The
surfaces were chosen to match lines in the mesh used for the CFD
calculations, so that Ly = 64.67R; or 59.67R; and R, = 8.56R;.
These values were deemed to be the best choices among the avail-
able data, based on mesh spacing and the linearity of disturbances
near the surface. (The surfaces extend axially from x = 5R; to
69.67R; or 64.67R;.) However, it is evident from Fig. 2 that the
disturbance amplitudes are still quite large at the downstream ends
of the surfaces, and so a much longer Kirchhoff surface would be
preferable. However, extension of the near-field CFD calculations in
the axial direction to generate additional surface data would lead to
prohibitive memory requirements. The longer surface used here is
probably the shortest permissible for this particular case. The shorter
surface is used only for comparison. There were 389 or 359 axial,
167 radial, and 90 azimuthal quadrature points on the Kirchhoff
surface. The radial mesh is exponentially stretched about R = R;.
Midpoint quadrature was again used in the numerical evaluation of
the integrals.
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Fig. 8 Predicted acoustic signals at (x, R) = (33.17R;, 9.18R;).
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Fig. 9 Predicted acoustic signals at (x, R) = (70.0R;, 5.0R;).

Figure 8 shows the acoustic signals, predicted with different
levels of approximation on the different Kirchhoff surfaces, at
(x, R) = (33.17 R, 9.18 R;). Because of restrictions imposed by
the number of quadrature points required per acoustic wavelength,
only the first four Fourier modes were used in the calculations. All
levels of approximation match the signal generated from the first
four modes of the CFD calculation reasonably well at this obser-
vation point. The best predictions are obtained with the full Kirch-
hoff surface. An open surface, i.e., one without the downstream
end included, was also used. Many researchers have ignored non-
linearities caused by flow through the surface in this manner. The
omission of this portion of the surface has a small but noticeable
effect at this observation point. Figure 9 shows acoustic signals at
(x, R) = (70.0R;, 5.0 R;). Here it is evident that the shorter sur-
face, while omitting only 5R; from the length of the surface, pro-
duces an unacceptable prediction. It is also clear that open-surface
Kirchhoff methods (e.g., Refs. 20 and 26) are not appropriate acous-
tic prediction tools when the observation point lies downstream of
the surface and close to the jet axis.

The approximate volume integral presented in Eq. (19) again pro-
vides little improvement over the prediction obtained with the full
Kirchhoff surface. Because this observation point is just downstream
of the Kirchhoff surface and is in a nonlinear disturbance region, the
use of some approximate volume integral is necessary to produce an
adequate prediction. Although the approximate integral presented
here appears to be ineffective, the methodology employed could be
useful in future predictions. In this region, the use of p’ leads to a
similarly accurate prediction. However, the authors feel, based on
the development presented in Sec. I, that the use of ¢ = a2p’ will
allow for more accurate predictions at most observer points. It would
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Fig. 10 Instantaneous perturbation contours (normalized by free-
stream pressure). Contours: min = —0.025, max = 0.025, and incre-
ment = 0.005. Negative contours are dashed; R > 0, ¢ = a,fp’ , and
R<0,¢p=p'.
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Fig. 11 Instantaneous perturbation contours (normalized by free-
stream pressure). Contours: min = —0.025, max = 0.025, and incre-
ment = 0.005. Negative contours are dashed; ¢ = aﬁ p’'s R>0,L;, =65R;,
and R <0, L = 60R;.

be beneficial to extend the near-field CFD calculations farther into
the far field so that more valid comparisons could be made.

Figure 10 shows instantaneous contours of ¢/ p, in the near and
mid acoustic fields. The contours shown above the centerline were
calculated using a2 p’ as the acoustic variable, whereas those below
the centerline were calculated with ¢ = p’. The volume integral
was omitted in both cases. Both prediction methods show similar
radiation patterns and appear to capture the Mach wave radiation
in the region R > 10R;. The spherical radiation downstream of the
Kirchhoff surface is predicted with both variables, but the contours
of a2p’ are greater in magnitude than those of p'.

Figure 11 shows instantaneous contours of aﬁ p’ in the near
and mid acoustic fields. The contours shown above the centerline
were calculated using the Kirchhoff method on the longer surface,
whereas those below the centerline were calculated with the shorter
Kirchhoff surface. No volume integral approximations were uti-
lized. Both predictions again show the Mach wave radiation. Both
surfaces also predict radiation downstream of the surface ends. The
radiation appears to emanate from an equivalent source located on
the jet axis around x, R ;. The downstream radiation predictions are
slightly out of phase due to the omission of sources inside the shorter
Kirchhoff surface. To ease this error, it is necessary to utilize a

10 20 30 40 50 60
x/R;
Fig. 12 Instantaneous perturbation contours (normalized by free-
stream pressure). Contours: min = —0.025, max = 0.025, and incre-
ment =0.005. Negative contours are dashed; ¢ = a,’;p’ s R > 0, ap-
proximate volume integral, and R < 0, open Kirchhoff surface.
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Fig. 13 Sound pressure level (Re: 20 1Pa) contours; ¢ = a,’,p’ s R>0,
approximate volume integral, and R < 0, open Kirchhoff surface.

Kirchhoff surface that is as long as possible. However, the near-
field CFD predictions must retain their accuracy on the Kirchhoff
surface.

Instantaneous perturbation contours are again shown in Fig. 12.
The contours shown above the jet axis were calculated using the
longer Kirchhoff surface and the volume integral approximation.
For comparison, the contours shown below the centerline were cal-
culated with an open Kirchhoff surface. There is a large zone of
relative silence downstream of the open Kirchhoff surface caused
by the omission of sound that propagates through the downstream
portion of the surface. The approximate volume integral, Eq. (19),
predicts large-amplitude disturbances near the end of the Kirchhoff
surface. This is due to the far-field nature of the approximation.
For observer locations farther away from the surface, the distur-
bances begin to resemble those emitted from the equivalent source
at x, R;. The effects of the use of the Kirchhoff method on a closed
surface, as opposed to an open surface, are also shown in Fig. 13,
which shows sound pressure level contours calculated with the two
methods. The differences between the two predictions are clearly
evident in the region downstream of the computational surface. In
the region where R > 10R;, both methods show qualitative agree-
ment with the results presented by Troutt and McLaughlin? and
those of Mankbadi et al.?® (Note that the calculations shown here
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were based on an axisymmetric CFD calculation. The experimen-
tal data in Ref. 27 are made up of nonaxisymmetric disturbances,
so that a direct quantitative comparison is not possible.) However,
the open-surface calculation again shows a large zone of silence
downstream of the surface, whereas the prediction from the full
method (with axisymmetric volume integral appro<imation) shows
a lobe of high intensity near the axis just downstream of the surface.
This high-intensity region appears in an area where hydrodynamic
disturbances are propagating through and out of the CFD domain.
Boundary conditions in the CFD calculations, as well as the large-
scale structures existent in the jet flowfield, may be contributing
to these large-amplitude predictions. However, the authors feel that
the use of the full Kirchhoff integral, with appropriate refraction
corrections and approximations to the volume integral, provides the
best means of accurately predicting this acoustic field. Clearly, more
work is required in the development of these approximations.

VI. Conclusions

Surface integral formulations based on Kirchhoff’s integral equa-
tion are becoming popular tools in aeroacoustic analysis. Develop-
ment of an extension to this formulation was presented here. The
extension arose from a desire to make the method more applicable
to jet noise calculations. The newly derived Kirchhoff approach ac-
counts for noise generation at and outside of the Kirchhoff surface
through the use of disturbance density as the acoustic variable. En-
couraging results have been shown for model problems related to
jet noise prediction, though additional work is required on the vol-
ume integral approximations. The method should also be applicable
to other types of aeroacoustics problems where Kirchhoff methods
are employed. Inclusion of an additional correction to account for
refractive effects outside of the surface will improve prediction ac-
curacy. These additional corrections will be developed in the future.
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